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Abstract—A transmission line model for capacitors is proposed and de-
veloped. The model relates electrical parameters to geometrical param-
eters, leading to simple design rules for power applications. In contrast,
design rules based on lumped RLC models are shown to lead to design
errors. Experimental results match a simulation based on the distributed
model whereas a lumped model gives erroneous predictions.

I. I NTRODUCTION

Conventionally, capacitors used in power applications are
modeled as lumped RLC (resistor-inductor-capacitor) net-
works [1]. The inductance (or ESL, for equivalent series in-
ductance) includes inductance of the leads and inductance of
the current path through the capacitor itself. When the lead in-
ductance dominates, the lumped model is accurate. However,
when the inductances of the paths through the capacitor itself
dominate, an accurate model must be based on distributed ca-
pacitance and inductance. Increasingly, in applications where
low inductance is needed, packages with little or no lead in-
ductance are used, and a distributed model becomes necessary
if accuracy is needed. Capacitors with low-inductance pack-
ages include leadless multilayer ceramic (MLC) chip capac-
itors, similar stacked-film capacitors, and some wound film
capacitors, although the lead inductance is significant in most
wound-film capacitors.

The interconnect inductance for a capacitor is often also sig-
nificant, and when it dominates, a lumped RLC model for the
combination of a capacitor and its interconnect path can be
accurate. However configurations with low interconnect in-
ductance are increasingly common. Such configurations in-
clude low-inductance laminated bus bars, mounting of capac-
itors directly to IGBTs or other semiconductor switches, and
the careful low-inductance PC board layout needed for power
delivery in high-current low-voltage digital systems. Thus, the
inductance of the capacitor itself often dominates, and a true
distributed model is needed. For cylindrical capacitors with
coaxial terminations a rigorous distributed model was devel-
oped in the frequency domain [2]. The model in [2] has been
further developed and applied in [3], [4]. In this paper we de-
velop a similar model for rectangular geometries, but empha-
sizing analysis in the time domain. In addition to being ap-
plicable to rectangular MLC and stacked-film capacitors, the
rectangular model is a good approximation for wrapped film
capacitors without coaxial terminations, to which the analy-
sis in [2], [4] does not apply. The rectangular analysis is also
much simpler than the cylindrical analysis. A simple model
combined with time-domain analysis facilitates simple design
calculations and intuitive understanding of capacitor behavior
with switched waveforms possible.

Other previous high-frequency distributed models of capac-
itors have been based on measurements of the capacitor in a
50 Ω system [5], [6]. For power and bypass applications, this
is not helpful, as the impedance desired is many orders of mag-
nitude lower, and 50Ω measurements would need an imprac-
tical level of precision to be useful.

II. EXTENDED LUMPED MODEL

Consider modeling a capacitor as shown in Fig. 1 a). We
wish to include, in particular, stray inductance effects that be-
come important at high frequency. Note that inductance can-
not be defined except for a path forming a complete loop.
Thus, we consider the impedance at the terminals to the left,
assuming the cap is mounted on a two-layer board. This is
problematic, because the impedance of the cap now depends
on the particular board characteristics. So we choose to de-
fine the impedance of the cap as thedifference between the
impedance of the configuration in Fig. 1 a) and that of the same
board with the cap replaced by a short, shown in Fig. 1 b). The
model of the whole setup will be the model of the cap in series
with the impedance of the board and vias in Fig. 1 b). With
a low-impedance capacitor at high frequencies, the board and
via impedance is usually primarily an inductance.

To model the configuration in Fig. 1 a), we draw a capacitor
for each pair of plates. For each path, we also add inductance.
In particular, the inductance of a path that goes across at a
heightx is

L = µ0

xℓ

w
(1)

whereµ0 is the permeability of free space, ℓ is the length
andw is the width (into the page in Fig. 1a), and we assume
w >> x. Note that in some configurations, this last condition
does not hold. In those cases, the conclusions developed here
will be qualitatively, but not quantitatively, correct. The sim-
plification is still useful because the simple results lend intu-
ition, and because a correction based on a single measurement
can be used to extend the results to other situations.

We proceed with the modeling process by adding an induc-
tance of

∆L = µ0

∆xℓ

2w
(2)

where∆x is the vertical distance between the center of one
plate and the center of the next, on each side for each plate.
This results in the model in Fig. 1 c).

In Fig. 1 d), the model is simply redrawn a bit more neatly.
In Fig. 1 e), it is transformed into a model with exactly the
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Fig. 1. Capacitor models

same terminal impedance, but a less confusing structure. Note
that this is the lumped equivalent of a transmission line. This
inspires modeling the capacitor as a transmission line.

III. T RANSMISSION L INE MODEL

We use the model Fig. 1 e) to develop a transmission line
model. It might seem that we need to know details such as the
number of plates and their spacing to calculate model parame-
ters such as∆L. But actually, when we model it as a transmis-
sion line, we are making the continuous approximation that
there are so many plates that they don’t need to be modeled
individually [2]. Certainly, with modern capacitor technology
the number of plates is typically very large, and so a continu-
ous approximation is good. So what we really need is the ca-
pacitance and inductanceper unit length (actually, height, in
this orientation). Capacitance per unit height is just the manu-
facturer’s rated capacitance divided by the height. Inductance
per unit length is just (2) divided byx, or

L′ = µ0

ℓ

w
(3)

If we want to design a system, i.e. chose a capacitor or set
of capacitors, a useful way to describe the transmission line is
in terms of characteristic impedance and phase velocity. Or,
better, characteristic impedance and the round-trip time for a

wave traveling up the transmission line and back down. The
characteristic impedance can be expressed as:

Z0 =

√

L′

C ′
=

√

µ0ℓ/w

C/h
(4)

For a particular type of capacitor that has a given voltage rat-
ing, dielectric material and thickness, and plate thickness, we
can also describe the capacitance in terms of a constant capac-
itance per unit volume,Cv. In terms of this, we can rewrite
(4) as

Z0 =

√

µ0ℓ/w

Cvwℓ
=

1

w

√

µ0

Cv

(5)

Thus we see that for a given capacitor technology, a given re-
quirement for characteristic impedance determines the width
required. For example, for a 22µF 6.3 V X5R dielectric ca-
pacitor,Cv is about 1000 F/m2 (i.e., 1µF/mm3). For 1 mm
width,Z0 is about 35 mΩ. For a 1 V power bypass application,
35 mΩ is near the upper limit one might like for 1 A of load
current. Thus, we can conclude that in such an application,
with that capacitor technology, we need 1 mm of capacitor
width for each amp of load current, independent of the height
and length.

The velocity is

v =
1

√

L′C ′

=
1

√

µ0
ℓ
w

Cvwℓ
=

1

ℓ

1
√

µ0Cv

. (6)

As discussed above, velocity is not directly of interest. More
important is the round trip time,T = 2h/v. Substituting, we
find

T = 2hℓ
√

µ0Cv. (7)

For the round trip time, we see that width does not matter,
but increasing length or height will directly contribute to in-
creasing round trip time—length and height are in this sense
interchangeable. However, returning to Fig. 1 a) and b), we
can note the series inductance due to the board increases as
we increase the length. We can also note that we might, in
some cases, also deviate from the condition ofw >> h if
we use height rather than width to increase round trip time. In
this case,L′ would be nonuniform, decreasing at the top of the
cap. This would result in dispersion, which may be beneficial.
For the same 6.3V X5R technology discussed above, we can
compute round trip time as

T = ℓh(71 ns/mm2) (8)

For example, a 3 mm long, 3 mm high cap has a round trip
time of about two-thirds of a microsecond.

When the assumptionw >> h does not hold, (7) and (5)
cannot be expected to beaccurate. In this case, eitherT or
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Z0 can be measured experimentally, and the other calculated
from the relationship

2Z0C = T. (9)

Alternatively, more extensive electromagnetic modeling could
be used.

IV. A PPLICATION TO A CIRCUIT

Consider a capacitor with a step change in current. This
could be a bypass capacitor with a stepped load and no power
source connected, or a model for a short time period near
a switch transition in one of many power converter circuits.
The distributed model predicts a waveform like that shown in
Fig 2. As the round trip time approaches zero, the steps merge
into a ramp; the behavior of an ideal lumped capacitor.

Load current

∆V

2∆V

2∆V

∆I

Τ

t

Vc

Ic

Ideal cap response

Fig. 2. Behavior with current step.

Note that this model shows behavior that is preferable to
that of the lumped RLC model, in that even with an abrupt
load step (infinitedi/dt), there is no voltage spike, but just a
step of magnitude∆IloadZ0. One way to design the system
is to size the width in order to make this step the maximum
size tolerable by the system, and to make the height and/or
length large enough such that the round-trip time is adequate
for the power supply and/or interconnects to the power supply
and/or additional bypass capacitance to respond and supply
the current.

These design guidelines, as well as the predicted behavior,
are quite different from what would be predicted by the con-
ventional lumped RLC model. With a lumped model, if one
is concerned about the voltage step at the current transition,
one wants to minimize the inductance, which can be achieved
by minimizing the height of the capacitor. However, the dis-
tributed model shows that increasing the height of the cap only
affects the round trip time, and does not affect the height of
the initial voltage step. Thus a thicker capacitor does no harm,
contrary to the predictions of the lumped model.

A conventional lumped model also leads to the conclu-
sion that additional smaller capacitors with lower inductance

Fig. 3. Film capacitor A.

may be needed in parallel with a higher-inductance capaci-
tor. However, if lead inductance and interconnect inductance
can be kept low enough, additional parallel capacitors are
not necessary—a single multilayer capacitor comprises mul-
tiple parallel plates, and the plates closest to the board have
very low inductance. So a low-inductance capacitor is al-
ready present, connected in parallel. Additional parallel ca-
pacitors are not needed, and may even make matters worse by
complicating the wiring and making it difficult to achieve low
inductance interconnects. Effective strategies for coordinat-
ing impedance of multiple parellel decoupling capacitors have
been developed based on lumped RLC models [7]. It is not
clear what effect the transmission-line effects have on the net
impedance in such a scheme, but in any case a better under-
standing of distributed capacitor behavior shows that simpler
schemes may be at least equally effective. Note that this con-
clusion assumes that the capacitor terminations do not intro-
duce additional unnecessary inductance. As discussed below,
this is not always the case, and good design of capacitor ter-
minations is essential.

V. EXPERIMENTAL VERIFICATION

Three capacitor configurations were tested by discharging
through a resistor switched by a set of parallel MOSFETs,
and monitoring their terminal voltages. The circuit was con-
structed on a double-sided copper-clad 50µm thick polyimide
substrate for low inductance, with the main current path across
the top, returning in parallel on the bottom. Four S08 packages
containing eight IRF7103 MOSFETs were connected in par-
allel to minimize stray inductance in the MOSFETs. The in-
ductance of the loop including the board, resistors, and MOS-
FETs, with the capacitor replaced by a copper foil short was
measured as 1.4 nH. The capacitor was charged by an exter-
nal voltage source through a relatively large resistor, and the
MOSFETs were periodically pulsed on in order to allow ob-
servation of the capacitor voltage waveform during the tran-
sient. The data was saved with a digital oscilloscope, and later
plotted along with simulation data.

A. Film capacitor A

The first test specimen to be discussed was a 1.5µF wound
metalized polypropylene film capacitor formed into a plastic
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Fig. 4. Comparison of measured voltage waveform and simulated waveform
using a lumped RLC model for film capacitor A. The lower plot is the
same data as the upper plot, but with the scale chosen to show the initial
transient.

box, with metal tab leads as shown in Fig. 3. Dimensional and
electrical details of all the capacitors are summarized in Ta-
ble I. Fig. 4 shows the experimental waveforms, compared to
a lumped RLC model based on the measured capacitance and
ESR, and an 18 nH inductance to match the measured self-
resonant frequency. The most serious error in the model is the
initial spike which is more than twice the size of the spike in
the experimental measurement. Both the measurement and the
simulation show an upward spike first, as a result of charge
coupled through the MOSFET gate-to-drain capacitance, al-
though this is again much more pronounced in the simulation
with the lumped model. After the initial spike, the measure-
ment shows a regular ripple, slightly tending towards the steps
shown in Fig 2. The RLC model does not capture any of this
behavior.

A simulation using a transmission line model is compared
in Fig. 5. Because this capacitor does not come close to satis-
fying w >> h, (7) and (5) were not expected to be accurate,
and so the round-trip time was determined from the exper-
imental waveform and used with (9) to findZ0 = 88 mΩ.
The experimental waveform also shows a significant transient
spike, unlike the ideal waveform in Fig. 2. This is because of
lead inductance; although the geometry in Fig. 3 could poten-
tially be made with very low lead inductance, the capacitor is
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Fig. 5. Comparison of actual of measuredvoltage waveformfor film capacitor
A with a simulated waveform a transmission line model, with additional
stray inductance representing the capacitor leads. The lower plot is the
same data as the upper plot, but with the scale chosen to show the initial
transient.

actually assembled by placing the wrapped film into the top
of the plastic box, and filling the extra space in the bottom
with epoxy. All of this extra space adds lead inductance. The
simulation used an additional 5 nH inductance in series with
the transmission line to model this lead inductance, as well
as a series resistance to model capacitor ESR. The simulation
matches the initial transient well. Both voltages then stay ap-
proximately constant for about 200 to 300 ns. The subsequent
steps are then much more pronounced in the transmission line
model than in the actual capacitor voltage. The difference can
be explained by damping and dispersion in the non-ideal trans-
mission line formed by the actual capacitor, but not modeled
in the simulation. The ideal transmission line model also dif-
fers in that it reproduces the initial transient in the form of a
spike that recurs at each step.

B. Film capacitor B

The lead inductance in film capacitor A is only one third
the ESL calculated from the resonant frequency, and the size
and width of the voltage spike are much smaller than would be
produced by the full ESL. However, it is still much larger than
it needs to be, and the initial spike could be further reduced
with lower lead inductance. To demonstrate this, we modi-
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TABLE I

TESTEDCAPACITORS

Film A Film B Single MLC Stacked MLC

ℓ mm 50 27.4 6 3.2

w mm 24 23.5 5.3 1.4

h mm 40 13 2.7 13 (stack)

C µF 1.5 10 100 26.4 (stack)

Cv F/m2 0.031 1.2 1160 453

Z0, (5) mΩ 264 6.2 37.6

Z0, exp. mΩ 88 17.4

T , (7) ns 793 1240 2000

T , exp. ns 250 9200

f0 kHz 986 400 544

ESL (fromf0) nH 18 1.68 2.24
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x 10
−7

1.8
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2
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ol
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ge
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Fig. 6. Measured waveform on film capacitor B.

fied a conventional wire-lead metalized polyester film capac-
itor by filing off the epoxy coating on the end and soldering
copper-foil leads to the end metalization. The resulting low-
lead-inductance capacitor (film capacitor B) was tested in the
same circuit as film capacitor A. The waveforms show a signif-
icantly reduced initial voltage spike of only 170 mV, as shown
in Fig. 6. The expected lead inductance can be calculated as

∆Llead = µ0

∆xℓ

w
(10)

where∆x is the thickness of the epoxy coating on the bottom
of the capacitor of approximately 1 mm. The lead inductance
thus calculated is 1.47 nH. A simulation with a transmission-
line model and 1.47 nH lead inductance gave 183 mV spike.
Thus, it appears that the initial spike is in fact determined pre-
dominantly if not exclusively by the lead inductance and not
by the internal inductance of the capacitor.

C. Large multilayer ceramic capacitor

A 100µF multilayer ceramic (MLC) capacitor was tested in
the same low-inductance discharge circuit, but using only the
on-resistance of the FETs and no explicit resistor in the circuit,
in order to obtain higher currents and larger voltage deviation
with this low-impedance capacitor. We estimate that the re-
sulting derivative of current was greater than 1 A/ns, limited
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Fig. 7. Comparison of actual measured 100µF MLC capacitor voltage wave-
form and simulated waveform using a lumped RLC model.

primarily by the inductance of the paralleled SO8 MOSFET
packages.

Fig. 7 compares the measured voltage waveform to the
simulated waveform using the lumped RLC model, with in-
ductance based on the measured self-resonant frequency of
400 kHz. Here the spike predicted by the lumped model is
almost entirely absent in the measured data, showing that the
contribution of ESL in the lumped model is more misleading
than helpful. The experiment also shows some non-uniformity
in the voltage decay, tending toward stepped behavior, that is
not captured at all by the lumped model.

In this capacitor,w is about twiceh. This falls short of
the w >> h criterion for the simple inductance formula (1)
to be highly accurate, but it is close enough for (1) to be a
useful approximation. Thus, in Fig. 8 we compare the mea-
surements to a simulation based upon parameters calculated
from the geometry using (5) and (7). This capacitor presents
another interesting opportunity for verification of the trans-
mission line behavior: the voltage can be probed at both the
top and bottom of the capacitor, with the top corresponding to
the open-circuited far end of the transmission line. The qual-
itative behavior matches the expectations the simulation: the
voltages at the top and bottom alternately step down, with the
step in the top voltage happening at time halfway between the
steps in the bottom voltage. Again, however, attenuation and
dispersion in the transmission line substantially smooth out
the steps, an effect that is of course completely absent in the
simulated ideal transmission line.

An additional interesting unexplained effect is the immedi-
ate jump in the voltage at the top of the capacitor, well before
a wave propagating through the capacitor would be expected
to reach the top. Initially we suspected a measurement prob-
lem, but the effect is repeatable and is significantly larger than
any noise pickup we were able to observe in our test set-up. It
may be due to a decrease in dielectric constant of the X5R ce-
ramic material at high frequencies, allowing a high-frequency
edge to propagate through the capacitor at much higher veloc-
ity than the wave that arrives half a microsecond later.
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Fig. 8. Comparison of actual measured 100µF MLC capacitor voltage wave-
forms (top plot) and simulated waveforms using a transmission line model
(lower plot). Each shows both the voltage at the bottom where the capac-
itor is soldered to the board and at the top, 3 mm above the board.

D. Stacked multilayer ceramic capacitors

In the previous experiments, the stepped waveforms pro-
duced by the ideal transmission line model were much more
abrupt than the measured waveforms. In this experiment, a
lossy transmission line simulation was compared to experi-
mental data. This is experiment was performed before the ones
reported above, when the low-inductance test set-up was not
yet available, and before we had obtained samples of large 100
µF capacitors. In order to get a round-trip-time long enough to
be accurately measurable, we stacked smaller MLC capacitors
to increaseh. In order to minimize stray inductance, they were
soldered directly to the leads of a TO-220 package MOSFET.

A set of eight 3.3µF MLC capacitors was used to obtain
a total capacitance of 26.4µF. Figs. 10 and 9 compare the
experimental voltage response of a the capacitor to simulated
response, using either a lumped RLC model or a transmission
line model. The simulation includes non-ideal switching of the
MOSFET, 5 nH of inductance in the MOSFET package, and
capacitor ESR modeled as series resistance in a lossy trans-
mission line. The use of a lossy transmission line explains
the deviation from the ideal steps in the previous transmis-
sion line models. The transmission-line simulation in Fig. 10
matches the experiment quite well, but the lumped RLC model
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Fig. 9. Comparison of measured voltage waveform on stacked MLC capaci-
tors and simulated waveform using a lumped RLC model.
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Fig. 10. Comparison of measured voltage waveform on stacked MLC capac-
itors and simulated waveform using a lossy transmission line model.

simulated in Fig. 9 deviates substantially from the actual mea-
sured behavior, predicting a large spike that does not occur in
practice. These results confirm that the conventional model is
misleading, and that the transmission line model can be sim-
ulate actual behavior much more accurately, especially when
the transmission line parameters are adjust to include loss and
dispersion effects. Note that in this configuration,h > w, and
so the transmission line parameters calculated from geometry
are not valid, and values calculated from time-domain wave-
forms were used instead.

E. Discussion

The experimental results consistently show that the con-
ventional lumped LRC model does not accurately predict the
voltage waveform with a fast current step, particularly when
peak voltage deviations are important. The discrepancy be-
tween actual capacitor behavior in the time domain and the
spike produced by the RLC model has been noted previously,
for example in [3]. In [3], the time-domain measurements
were discarded because of the lack of an inductive spike, and
frequency-domain measurements were used instead. How-
ever, the behavior in the time domain corresponds to the ac-
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tual performance in a typical power circuit, and should not be
ignored.

The ideal transmission line model exaggerates the defini-
tion of the steps in the voltage waveform, particularly after
more than one round-trip time. If one simply evaluates rms
error between the simulated waveform and the actual wave-
form, one might think that the ideal transmission line is a poor
model, and that more accurate transmission line models, as
begun in section V-D, are necessary before transmission line
models can be useful to the designer. We intend to work on
such improved models, but we believe that the simple ideal
transmission line model will often be more useful to the de-
signer. It provides a conceptual model of what behavioral fea-
tures to expect, and relates those features directly to geome-
try. In particular, the height and timing of the first and second
steps are probably the most important features. The height of
the first step is given byZ0∆I for the height of the first step,
and twice that for the second step.

More detailed models are unlikely to be necessary or use-
ful for typical conceptual design or hand calculations for de-
sign. However, they can be very valuable for improving the
accuracy of simulations. For this purpose, frequency-domain
measurements may be performed, and lumped models devel-
oped by curve fitting can provide arbitrarily goodaccuracy.
For some geometries, such models can be developed analyti-
cally [4]. The possibility of obtaining arbitrarily goodaccu-
racy from models fit to measurement data is attractive, but an
important caution is that the accuracy is still limited by the ac-
curacy of the measurement. Typical impedance measurement
jigs for surface-mount components have stray inductance on
the order of 100 nH, which makes resolving capacitor induc-
tances on the order of 1 nH very difficult. In addition, the
mounting configuration including the location of the current
return path can significantly affect affect the field and current
distributions in the component under test. Thus, for a mea-
surement to be relevant to the application, it should duplicate
the positioning of the component relative to the current return
path.

More accurate transmission line models will need to take
into account the actual loss and dispersion mechanisms in a
capacitor. Standard lossy transmission line models are based
on resistance in series with the inductance, and in parallel with
the capacitance. The series resistance modeled corresponds,
for a capacitor, to the resistance of the end contacts in the di-
rectionh. This is typically a negligible resistance, with more
significant resistance corresponding to the resistance of the
plates and the dielectric loss. This would be better modeled
as resistance in series with the capacitance of the transmission
line. Although further improving transmission line models
may not be essential to accurate simulations (because higher-
order lumped models based on curve fits to measured data
can work well), and may not lead to models simple enough
for use in everyday design, it will enhance our understand-
ing of the phenomena leading to the observed time-domain

and frequency-domain behavior. It may also lead to improved
capacitor designs, particularly for applications in which time-
domain step response is important.

VI. CONCLUSION

A simple distributed model for a multilayer capacitor proves
easy to use in design work, and captures important aspects
of experimentally observed waveforms better than traditional
series RLC models do.

Traditional RLC models indicate that increased capacitor
height increases ESL, and thus increases the inductive volt-
age spike to be expected during abrupt current changes. The
distributed model shows that this is incorrect. The height of
the bottom of the capacitor above the board contributes to lead
inductance and directly contributes to the voltage spike, but
the overall height of the capacitor only increases the round-
trip time before the voltage steps down further and does not
affect the initial voltage spike. Thus, the lead configuration is
of much more importance than the overall capacitor size.

An important question is when to use which model: sim-
ple ideal capacitance, lumped ESR-C, lumped RLC, higher-
order lumped models, or transmission line models. We be-
lieve that whenever design for good time-domain performance
is of interest, and current transition times are faster than the
period of the capacitor self-resonant frequency, the transmis-
sion line model is the best choice—other models can lead to
poor design decisions. Whenaccurate modeling is of more
interest than understanding how to design for high perfor-
mance, lumped models can be preferable. If and only if in-
terconnect and lead inductance dominate over capacitor ESL,
a lumped RLC model can be adequate. Otherwise a higher-
order lumped model can be used for accurate simulations, al-
thoughaccurately determining parameters for a higher-order
model may be difficult.
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